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State-Dependent Utilities 
MARK J. SCHERVISH, TEDDY SEIDENFELD, and JOSEPH B. KADANE* 

Several axiom systems for preference among acts lead to a unique probability and a state-independent utility such that acts are 
ranked according to their expected utilities. These axioms have been used as a foundation for Bayesian decision theory and 
subjective probability calculus. In this article we note that the uniqueness of the probability is relative to the choice of what 
counts as a constant outcome. Although it is sometimes clear what should be considered constant, in many cases there are 
several possible choices. Each choice can lead to a different "unique" probability and utility. By focusing attention on state- 
dependent utilities, we determine conditions under which a truly unique probability and utility can be determined from an 
agent's expressed preferences among acts. Suppose that an agent's preference can be represented in terms of a probability P 
and a utility U.That is, the agent prefers one act to another iff the expected utility of that act is higher than that of the other. 
There are many other equivalent representations in terms of probabilities Q, which are mutually absolutely continuous with 
P, and state-dependent utilities V, which differ from U by possibly different positive affine transformations in each state of 
nature. We describe an example in which there are two different but equivalent state-independent utility representations for 
the same preference structure. They differ in which acts count as constants. The acts involve receiving different amounts of 
one or the other of two currencies, and the states are different exchange rates between the currencies. It is easy to see how it 
would not be possible for constant amounts of both currencies to have simultaneously constant values across the different 
states. Savage (1954, sec. 5.5) discovered a situation in which two seemingly equivalent preference structures are represented 
by different pairs of probability and utility. He attributed the phenomenon to the construction of a "small world." We show 
that the small world problem is just another example of two different, but equivalent, representations treating different acts 
as constants. Finally, we prove a theorem (similar to one of Karni 1985) that shows how to elicit a unique state-dependent 
utility and does not assume that there are prizes with constant value. To do this, we define a new hypothetical kind of act in 
which both the prize to be awarded and the state of nature are determined by an auxiliary experiment. 

KEY WORDS: Constant acts; Elicitation; Exchange rates; Preferences; Savage's axioms; Small worlds. 

1. INTRODUCTION 	 on which state of nature occurs, we can rewrite Equation 

Expected utility theory is founded on at least one of (1) as 

several axiomatic derivations of probabilities and utilities 
from expressed preferences over acts (Anscombe and Au- 
mann 1963; deFinetti 1974; Ramsey 1926; Savage 1954). 
These derivations allow for the simultaneous existence of where Ui(z,) is the utility of prize zj given that state si 
a unique personal probability over the states of nature and occurs. Without restrictions, however, on the degree to 
a unique (up to positive affine transformations) utility which Ui can differ from Ui, for i # i ' ,  the uniqueness of 
function over the prizes such that the acts are ranked by the personal probability no longer holds. For example, let 
expected utility. For example, suppose that there are n q,, . . . , qn be another probability over the states such 
states of nature that form the set S = {s,, . . . , s,) and that pi > 0 iff qi > 0. Then for an arbitrary act f ,  
m prizes in the set Z = {zl,  . . . , z,,,). An example of an 
act is a function f mapping S to Z .  That is, if f (si) = z,, 
then we receive prize z, if state si occurs. (We will consider 
more complicated acts later.) Now suppose that there is 
a probability over the states such that pi = Pr(si) and that 

where Vi(.) = piUi(.)lqi when qi > 0 (Vi can be arbitrary 
when qi = 0). In this case, it is impossible to determine 

there is a utility U over prizes. By saying that acts are an agent's personal probability by studying his or her pref- 
ranked by expected utility, we mean that we strictly prefer 	 erences for acts. Rubin (1987) noted this and developed 
act g to act f iff 	 an axiom system that does not lead to a separation of 

probability and utility. Arrow (1974) considered the prob- 
lem for insurance (a footnote credits Rubin with raising 
this same issue in an unpublished 1964 lecture). 

If we allow the utilities of prizes to vary conditionally DeGroot (1970) began his derivation of expected utility 
theory by assuming that the concept of "at least as likely 
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see how it attempts to avoid the non-uniqueness problem The axiom that does most of the work is one that entails 
just described. In Section 3, we look at Savage's system stochastic dominance. 
with the same goal in mind. Section 4 provides a critical 
examination of the theory of deFinetti (1974). In Section 
5, we give an example illustrating the problem's persist- 
ence despite the best efforts of those who have derived 
the theories. While reviewing an example from Savage in 
Section 6, we see how close he was to discovering the non- 
uniqueness problem in connection with his own theory. In 
Section 7, we describe a method for obtaining a unique 
personal probability thutity tho enproblpos of 
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4. DEFINETTI'S GAMBLING APPROACH 

deFinetti (1974) assumed that there is a set of prizes 
with numerical values such that utility is linear in the nu- 
merical value. That is, a prize numbered 4 is worth twice 
as much as a prize numbered 2. More specifically, to say 
that utility is linear in the numerical values of prizes, we 
mean the following: For each pair of prizes, (z, ,  z2) with 
2, < z2, and each 0 5 a :1, the lottery that pays zl with 
probability 1 - a and pays z2 with probability CY (using 
the auxiliary randomization of Sec. 2) is equivalent to the 
lottery that pays (1 - a)zl + az2 for sure. Using such a 
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pendent in one representation, though, is state- dependent 
in the other. 

If we allow both types of prizes at once, we can calculate 
the marginal exchange rate for the agent. That is, we can 
ask, "For what value x will the agent claim that 
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is to deal with the case in which what we count as a prize 
is actually worth different amounts depending on which 
of the subdivisions of the small world state of nature oc- 
curs. Therefore, we let the grand world prizes be non- 
negative numbers and the grand world acts all bounded 
measurable functions on S. The grand world probability 
is uniform over the square and the grand world utility is 
the numerical value of the prize. To guarantee that Sav- 
age's axioms hold in the small world, choose the small 
world prizes to be 0 and positive multiples of a single 
function h. Assuming that U(h) = 1, the small world 
probability of a set B = {X : x E B) is (from Savage 1954, 
p 89) Q(B) = SFq(x) dx, where 

Unless Si h(x, y) dy is constant as a function of x, Q will 
not be the marginal distribution induced from the uniform 
distribution over S. Even if Si h(x, y) dy is not constant, 
however, the ranking of small world acts is actith1.129 Td�(the )Tj2.03222 Tc 1.686 0 Td�(numer )Tj�0.0122988 Tc 3.489 0 Td�(of )Tj�0.0854 6 Tc 2.295 Td�(a )Tj�0.0122 T Tc 1.686 gr0 Td�(positive )Tj�37C �/P <</Ms E v e n  
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rather than by the forces of nature. This is intended to 
remove the uncertainty associated with how the state of 
nature is determined so that a pure utility can be extracted 
by using Axioms 1-3 applied to a preference relation 
among prize-state lotteries. 

For example, suppose that the agent in Section 5 ex- 
presses a strict preference for the prize-state lottery that 
awards $1 in state 2 with probability 1[f($1, s,) = 11over 
g($l, s,) = 1. This preference would not be consistent 
with a state-independent utility for dollar prizes; however, 
it would be consistent with a state-independent utility in 
yen prizes. 

The pure utility elicited in this fashion is a function of 
both prizes probabila161 0 Td�(however0.0366 -Tc 1.803 0 T26(in )Tj�00.0122 Tc 2.716 0 Td�(would )0.0244 Tc 1.147 0 T0019/nd)Tj�ctually0244 Tc 3.044 0 Td�(to )Tj�.0366 Tc 0.82 0 Td�(state-indepennt )Tj�0 Tc 7.9c -22.736 17Td�5 Td�(it )Tj� a y e n  A x i o m s  a 0 . 0 1 2 2  T c  2 . 2 9 5  0  T d � ( f a s h i o n e n t  ) T j � 0  T c  4 . 5 6 6  0  T 6 � ( a  ) T j � 0 j � 0 . 0 2 4 4  T c  2 . 2 0 1  0  T 3 1 8 t h i s  it the is f a s h i o n � 0 . . 0 1 2 2  T c  1 . 1 4 7  0  T d � ( a  ) T j � 0 b . 0 3 6 6   -  T d 6 9  T d � ( g ( $ l ,  a s s u m - 0 . 0 1 2 2 T c  3 . 4 4 2  0 4 c  1 ( t h i s  ) T j o 0 2 4 4  T c  2 . 2 9 5  0  T 3 1 1 a  ) T j � 0 b . 0 3 6 6  T c  1 . 9 0 . 0 1 2 2 4 7 5 t h i s  1a d o l l a r  a 0 3 6 6   -  T 9 0 9  T d � ( a w a r d s  u n i q u . 0 2 4 4  T c  2 . 2 9 5  0  T d 6 7 p r i z e s .  ) t y  

m o 0 1 2 2  T c  2 . 2 9 5  0  T d � a  s 0 5 7 3 . 5 7 8  - d � 5 1 h i s  1 9 / n d b o t  0  3 1 0 . 7 8  - d � 5 1 h i s  00 8 Tct701 0d�5using 00 8 Tct7244 0d�44a a 
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and d is a possible decision. The prize awarded when de- 
cision d is chosen and the state of nature is 0 is not explicitly 
mentioned. Rather, the utility of the prize is specified 
without reference to the prize. Although it would appear 
that U(8, d)  is a state-dependent utility (as well it might 
be), one has swept comparisons between states "under the 
rug," For example, if U(8, d)  = - (6' - d)', one might 
ask how it was determined that an error of 1 when 8 = a 
has the same utility as an error of 1 when 8 = b. 

DeGroot (1970) avoided these problems by assuming 
that the concept of one event being at least as likely as 
another is understood without definition. He then pro- 
ceeded to state axioms implying the existence of a unique 
subjective probability distribution over states of nature. 
(For a discussion of attempts to derive quantitative prob- 
ability from qualitative probability, see Narens 1980.) 
Further axioms governing preference could then be intro- 
duced. These would then lead to a state-dependent utility 
function. Axioms such as those of Savage (1954), Von- 
Neumann and Morgenstern (1947) and Anscombe and Au- 
mann (1963), and deFinetti (1974), which concern only 
preference among acts like horse lotteries, are not suffi- 
cient to guarantee a representation of preference by a 
unique state-dependent utility and probability. Direct 
comparisons must be made between lotteries in a specified 
state of nature and other lotteries in another specified state 
of nature. These are the prize-state lotteries introduced 
by Karni (1985). Assuming that preferences among prize- 
state lotteries are consistent with preferences among horse 

lotteries, a unique state-dependent utility and probability 
can be recovered from the preferences. 

[Received March 1989. Revised December 1989.1 
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